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Abstract 

Selection of 25 examples from extensive nontrivial families for different 
types of nonlinear PDEs and their formal general solutions are given. The 
main goal here is to show on examples the types of solvable PDEs and 
what their general solutions look like. 

1 Introduction 

Nonlinear partial differential equations (PDEs) play very important role in many 
fields of mathematics, physics, chemistry, and biology, and numerous applica- 
tions. Despite the fact that various methods for solving nonlinear PDEs have 
been developed in 19-20 centuries [l]-[5], there exists a very disadvantageous 
opinion that only a very small minority of nonlinear second- and higher-order 
PDEs admit general solutions in closed form (see, e.g., percentage of PDEs with 
general solutions in fundamental handbook [6]). 

Nevertheless there exist some extensive nontrivial families for different types 
of nonlinear PDEs which general solutions can be expressed in closed form and 
which seemingly are not described in literature. 

In present paper, as a preliminary result, some relatively simple examples 
of such PDEs of second and third order and their formal general solutions are 
given. The main goal here is to show on examples the types of solvable PDEs 
and what their general solutions look like. 



2 Notations remarks 

The expression of the following type 

RootOf[F{_Z)} 

means any root of the algebraic equation F(_Z) = with respect to indetermi- 
nate -Z, and 

X™ = RootOf[JZ™ - X] . 
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For shortness 

J f(t,x)dt = {f f(t,x)dt}\t= x . 

3 Second order PDEs with two independent 
variables and constant parameters 



3-i Ife - + b )f? - if -06 = 0, 



where b, c are constants. 

General solution 

w(t, x) = [-c J cxp[-e bt G(x)] dx + F(t)] exp[e ht G(x)} , 
where F(t) and G(x) are arbitrary functions. 

o r, d 2 w 1 dw dw _ a dw _ » r\ 

atax w at ox w at 

where c, k are constants. 
General solution 

{-cf exp[x(l - kt)]G(x) dx + F(t)} exp[-x(l - kt)] 
W[t ' X) ~ G{x) 

where F(t) and G(x) are arbitrary functions. 



d 2 w _ a / dw\2 I / 1 dw ■ 1 ■ c\fa , 2c^+(bw+c) 2 
eM9cc u? ^ dx ' ^w dt w ' dx 4aw 



where a, b, c are constants, and a^O. 
General solution 



c f , 1 [ 2dx 1 [ 2dx 

w{t ' x) = { -Ya J cM Ya J TTW) + ] + {t)}cM ~^ J TTGjx) +hx] ' 

where F(t) and G(x) are arbitrary functions. 



2 



3.4 j^-(±^ + b)^-^-kw-cb = 0, 

otox at ' ox w at 

where 6, c, k are constants, and b ^ 0, k ^ 0. 
General solution 

w{t,x) = [-c J exp(-^[e bt G(x)+bx])dx + F(t)}cxp(-^[e bt G(x)+bx]). 
where F(t) and G(x) are arbitrary functions. 

3.5 |S L --(§^) 2 -( 1 ^ + b + iL )7^ 
otox w v ax ' K w at ' w > ox 

c dw i.. be 



2aw dt la 4aw 

where a, b, c, k are constants, and a ^ 0, b 2 — Aka ^ 0. 
General solution 

w(t, x) = 



c r [ .1 /• cxp(Vo 2 - 4aA;)G(x)(b + V& 2 - 4afc) - V& 2 - 4afc + 6 , . , 

\ I exp — / , ax ax 

2a V 2a J 1 + cxp(iV& 2 - 4afc)G(x) 



. 1 f exp(Wb 2 - 4ak)G(x)(b + Vb 2 - Aak) - Vb 2 -Aak + b , . 

+ Fit)} exp -— / — ^— ^ ■ — dx , 

W/ 1 2a y 1 + cxp(iV& 2 - 4afc)G(x) J 

where F(t) and G(x) are arbitrary functions. 

3 g ac I I a ^ w a 2 (q ow I 9w ^ fl 2 w \2 q 

9a; w*\^ dt ~ dt dx w dtdx> ~ ' 

where a, 6, c are constants, and b^O. 
General solution 
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w(t,x)={-c J exp[--^-(-4fex + J(t + G(x)) 2 dx)]dx + F(t)} 

x exp[^-(-46.x + J(t + G(x)) 2 dx)}, 

where F(t) and G(x) are arbitrary functions. 

3 y 9 2 w / 1 dw j jj\ g^djv 

dtdx dt ' ' dx w dt 

~ —F^r -kw-bg = 0, 

where a,b,g,h,k are constants. 
General solution 

w(t, x) = 

{-.9 / e^exp{-| RootOf[t- J' Z j j — J ^^ T - + G(x)]dx}dx + F(t)} 

x e"- cxp{ / RootOfit - f Z {k _ hb ^ +be + a + G(x) ]d x } , 
where F(t) and G(x) are arbitrary functions. 

3 § d 2w — ( 1 dw — m) — 

dtdx dt ' dx 

+ *» eX p(^ + b + ^) 
_ c 0™ + gw + cm = Q 

w dt a ' 

where a, 6, c, fc, g, m are constants, and a^O. 

General solution 
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(t,x) = {-c y exp(^) 

:exp(-- / RootOf[t+ [ ^ j- - + G(x)]dx)dx + Fit)} 



x cxp( — -)exp(- / RootOf\t+ / - — + G(x)]dx) , 

where F(t) and G{x) are arbitrary functions. 

3.9 w( ^ + cw + b )^L 

where 6, c, m are constants. 
General solution 



w 



(t, x) = -{b j exp[- y (y/G(x) + 2mt - c)dx}dx + F(t)} exp[ J (^jG{x) + 2mt- c)tfx] , 
where and G(x) are arbitrary functions. 

3.10 w (^ + C W + b)^ 

= f + (2c» + 36)f (§f) 2 

+ (c«, + 6)(c«, + 36)ff§| 
+ 6(cio + 6) 2 ^ + m«> 4 , 

where 6, c, m are constants. 
General solution 
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w = -{b / exp[- / ((G(x) + 3mt)? - c)dx]dx + F(t)} exp[ / ((G(x) + 3mt)? - c)dx] , 



= + (t + ( 3ac + k ) w + 3ab )(S ) 2 

+ ((cw + 2b)% + (g + 2fcc + 3ac 2 )™ 2 
+ 2b(k + 3ac)™ + 3a6 2 )ff + 6(c™ + 6)ff 

+ 6(|^ + 2cfc + 3ac 2 )w 2 + 6 2 (3ac + + a6 3 , 



where F(t) and G(x) are arbitrary functions. 



3.11 w{^ + cw + b) 



d 2 w 
dtdx 



where a, b. 



>, c, k are constants, and a ^ 0, ^ 0. 



General solution 





where F(t) and G(x) are arbitrary functions. 



G 



4 Second order PDEs with two independent vari- 
ables and non-constant parameters 



A i ° 2w — g ( dw \ 2 _ ( 2ahw _ f , 1 , _ \ dw , h dw 
dtdx ~ U ydx> \hx+b ^ dx ' hx+b 8t 

I ah 2 w 2 h(cx+g)w . (hx+b)(2hg— cb+chx)c 

(hx+b) 2 hx+b 1 4ft^ ' 



where a, 6, c, g, h are constants, and a ^ 0, h ^ 0, hg — cb 0. 
General solution 



{F(t)-x+2(hg-cb) J [l/{-c(hx+b)+exp[ ( Cb ^ t ]G(x))]dx} , 



(hx + b)c 

w = 7T~, 

2ah 

where F(t) and G(x) are arbitrary functions. 

4.2 w[b{t ,x)+c(t,x)w + ^]^ = ^r 

+ [(c(t, x)w+2b(t, x ))%-^ w *- w ™Mt]i£ 

+ b{t,x)[c{t,x)w + b(t,x)]^ - a(t,x)w 3 

- [^c(t, x )+^b(t, X )]w*-w^b(t, x) 

General solution 



{- J b(t, x) exp[- J (-c(t, x) + s jc 2 {t,x)-2 J a{t,x)dt + G(x))dx]dx + F(t)} 
)[ J (-c(t,x) + s jc 2 {t,x)-2 j a{t,x)dt + G(x))dx\ , 



x exp[ 

where F(t) and G(x) are arbitrary functions. 
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4.3 gg- = ^{^) 2 + [^ + b(t,x) + ^}^ 
atox w v ox ' l w at v ? / 1 w j () x 

. c(t,a;) aw . c 2 (£,a;) 



2a(i,cc)i(; 4a(i,a;)'u; 
+ 



where a(i, x) 7^ 0, c(i, x) 7^ 0. 
General solution 



where 



1 r f c(t,x)W(t,x) , 



a;) = cxp{ ^ c(i, x)exp( J b(t,x)dt)/[—c(t,: 



x / {[exp( / 6(i, x)<ft)(a(i,x)c(t,x)(-c(i,x) + 2b(t,x)) 



+ 2c(t, _ 2^|^a(t, x)]/[c 2 (t, 



- 2c(i, x)G(x) + 2a(i, x) exp( / 6(i, x)dt)]dx} . 
and and G(x) are arbitrary functions. 
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+ g(t,x)b(t,x)-^, 

General solution 

w = ~wTTx) [ J 9 ^ x)w{t > x)dx + F{t)] ' 

VV(i,a;) = cxp{- / — — — 

J G{x){g{t,x) + l) 

x [{[G(x)(g(t,x) + 1) + 1] 
x J k(t, x) exp[- y a;)di]di + (#(t, x) + 1) 

x { / (g( J + 1 / g ^ } Jk(t,x)eM-Jmx)dt]dt dt 



where 



fc(M) exp[- / b(t,x)dt]dt})}]dx} ; 



g(t, x) + 1 

and F(t) and G(x) are arbitrary functions. 
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5 Second order PDEs with four independent vari- 
ables and constant parameters 



+ CMig + A 2 £ + A 3 f| + B lW + Bo) 
+ C 2 (A 1 g + A 2 £ + A*£ + B 1 w + B )> = 0, 



where w = w(x\ , x 2 , x 3 , x 4 ) and Ai,Bi,d are constants, 
and A x ^ 0, C 2 7^ 0, 4C C 2 - ^ 0. 

General solution 



w(xi,x 2 ,x 3 ,x i ) = - 1 cxp(-^-— -) / cxp(^^)(2BoC 2 + Ci + tan[^a; 4 \/ 4C C 2 - C\ 
ZA\U 2 A\ J A\ I v 



+ G(£, (A 2 £ + A!x 2 - A 2Xl ), (A 3 C + A lX3 - A 3Xl ))]^AC C 2 - cj)<% 



+ cxp( — ^—)F((A 1 x 2 - A 2 x x ), {A x x 3 - A 3 x-t), x 4 ) , 

A\ 

where F(t\,t 2) t 3 ) and G(ti,t 2 ,t 3 ) are arbitrary functions. 

+ Ci(«)(A 1 ^ + + + Bo) 

+ C 2 («,(A^ + A 2 -g + A 3 -g) + Bo) 2 

where w — w(xi, x 2} x 3 , x 4 ) and Ai, B i7 d are constants, 
and A x ^ 0, C 2 7^ 0, 4CoC 2 - C? 7^ 0. 
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General solution 



fXl 

x 



w{x u x 2 ,x 3 ,Xi) = — L^{AiC 2 (-tan(^^/4C^ - C*)(2B C 2 + d) + - C?) 

/Xl 
G(£, {£,A 2 + x 2 A x - Xl A 2 ), (£A 3 + x 3 A 1 - xtA 3 )) 

/[_! + tan(^y/4CoC 2 -Cl)G(Z, (£A 2 + x 2 A x - Xl A 2 ), (£A 3 + x 3 A 1 - Xl A 3 ))]d^ 
+ A x C 2 {2B a C 2 + d + y/4C C 2 - C\ tan(^y / 4Co^ - C?)) 

x l/[-l + tan(^y / 4Co^C2)G(^, (C^ 2 + a^i - Xl A 2 ), (£A 3 + x 3 A, - Xl A 3 )M 



+ F{{x 2 A t - x x A 2 ), (x 3 A x - xtA 3 ), x 4 )} 2 , 
where F{t\,t 2 ,t 3 ) and G(t\,t 2 ,t 3 ) are arbitrary functions. 

d 2 w i a (Pit) i /» (9 2 v/.i 



+ C a expIC^w^x^ + + + Bo)] 

+ (A 1 ^ + A 2 -g + A 3 -g)!g = 0, 



where to = w{xi,x 2 ,x 3 ,xa) and A,-, _Bi, Cj are constants, 
and A 1 ^ 0, C ^ 0, C 2 7^ 0. 

General solution 



2 f Xl 
w(xi,x 2 ,x 3 ,X4) = {- -. „ (B C 2 xi - xi In C + / ln(exp[C 2 Co(x4 
^i0 2 j 

+ G(f , (£A 2 + a; 2 ^i - Xl A 2 ), (£A 3 + x 3 A x - Xl A 3 )))} - G\)d£ 

- F((x 2 A! - xiA 2 ), (x 3 Ai - xiA 3 ),X4,))}* , 
where F(ti,t 2 ,t 3 ) and G(ti,t 2 ,t 3 ) are arbitrary functions. 
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6 Third order PDEs with two independent vari- 
ables and constant parameters 



9 w 

a i V ? ' w ( ~9t r _| 3 dw\ d 2 w _ 3 / dw \ 2 dw 

D1 dt 2 dx ~ vlp" 2w dt ' dtdx 2w 2 \ dt> dx ' 

at 



General solution 

G(x) 



w(t, x) = 



[F(t)+H(xW> 
where F(t),G(x) and H(x) are arbitrary functions. 



8t 2 dx V w dt ' dtdx 

at 

-^-^(f) 2 ff + 2a-t. 

at 



General solution 

dGjx) 



w(t, x) 



dx 



F{t) + H{x) + atG(x) ' 
where F(t), G(x) and H(x) are arbitrary functions. 

a q d 3 w 2 d 2 w d 2 w , (u _ 1 dw \ d 2 w , g / dw \ 2 

D " 3 dtdx 2 ~ dx 2 dtdx v° id 9t 'aa; 2 + 9s' ' 

where 6, g are constants, and b ^ 0. 



General solution 



z) = (t) cxp[b J ■ 



(b + g)x-e bt G(x)+F(t) 1 
where F(t),G(x) and H(x) are arbitrary functions. 
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6.4 [ TO (a»0 - S ( ^ ) 2 )] [£ j& " 

+4ft(0) 2 ™-9t(tf) 3 0+Mff) 5 = 

where a, g, /i are constants, and a ^ 0. 



General solution 

x) = Hit) exp[a / — 1 

J (a - g)x + F(t) + J y/G(x) - 2aht dx 

where F(t),G(x) and H(x) are arbitrary functions. 

6.5 [aw(aw^-(a + b)(^y)} 

X ( 9w__d^w_ o d 2 w d 2 w \ 

^ dx dtdx 2 dx 2 dtdx ' 

+ a(a + 6)(2m 1 »-|)(|)'g 

+ MH) 5 = o, 

where a, 6, m, fc are constants, and «/0,m^0. 



General solution 



tuft, a:) = H(i)exp{- I am dx — }, 

' bmx + F(t) + J ^m[m(a + b) 2 + k] + e 2mt G(x) dx 



where F(t), G(x) and H(x) are arbitrary functions. 
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7 Third order PDEs with two independent vari- 
ables and non-constant parameters 



7.1 ^+41)^ 

= »[»S + a«(£) , + *»|li 

+ + " 2*(ff) 3 f 



General solution 



w(t, x) = 



dt 



G(x) - F{t) + xH(t) ' 
where F(t), G(x) and H(t) are arbitrary functions. 

7 o d 3 w a d 2 w I k(Pw_ afc 9«) b dw , bkw 

'• Z dt 2 dx ~ t dtdx ~l~ x dt 2 tx dt t 2 8x t 2 X ' 



General solution 

w(t, x) = F(t)x k + H{ x )t^ + % + ^ vl+2a+aJ - 4b 

+ G(x)t^-^ vi+2a+a2 - 4b , 
where F(t),G(x) and H(x) are arbitrary functions. 

8 Conclusion 

The details of the method and more extensive lists of solvable PDEs are prepar- 
ing for publication. The method in principle fit for implementation in CAS, 
e.g., in Maple. 
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